Stability of the multi-Jensen equation  by Ciepliński, Krzysztof
J. Math. Anal. Appl. 363 (2010) 249–254Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Stability of the multi-Jensen equation
Krzysztof Cieplin´ski
Institute of Mathematics, Pedagogical University, Podchora¸z˙ych 2, 30-084 Kraków, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Received 23 April 2009
Available online 19 August 2009
Submitted by R. Curto
Keywords:
Stability
Multi-Jensen equation
In this paper we study the stability, in the sense of Th.M. Rassias, of multi-Jensen equation.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In 2005 W. Prager and J. Schwaiger (see [13]) introduced the notion of multi-Jensen functions (we say that they satisfy
multi-Jensen equation) f : V n −→ W (V and W being vector spaces over the rationals) with the connection with gener-
alized polynomials and obtained their general form. The aim of this note is to investigate the stability of the multi-Jensen
equation.
Speaking of the stability of a functional equation we follow the question of S. Ulam: “when is it true that the solution of
an equation differing slightly from a given one, must of necessity be close to the solution of the given equation?” (see [17]).
As the words “differing slightly” and “be close” may have various meanings, different kinds of stability can be dealt with
(see for instance [2,7,12,15]).
The stability of the Jensen functional equation
2 f
(
x+ y
2
)
= f (x) + f (y)
( f satisfying this equation is called a Jensen mapping) was studied by a number of mathematicians (see for instance [3,5,
8,10,11]), whereas the stability of bi-Jensen equation was investigated by J.-H. Bae and W.-G. Park (see [1]) and K.-W. Jun,
Y.-H. Lee and J.-H. Oh (see [9]).
In 2008 (see [14]) W. Prager and J. Schwaiger proved the Hyers–Ulam stability of multi-Jensen equation, whereas the
author (see [4]) showed its stability in the spirit of P. Gavruta (see [6]).
In this paper we study the stability of multi-Jensen equation in the sense of Th.M. Rassias (see [16]). The obtained results
generalize some outcomes from [9].
2. Preliminaries
We follow the notation used in [14].
Throughout this paper we assume that V is a normed space, W is a Banach space and m  2 is an integer. Moreover,
N stands for the set of all positive integers.
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f
(
x1, . . . , xi−1,
1
2
(xi + yi), xi+1, . . . , xm
)
= 1
2
f (x1, . . . , xi−1, xi, xi+1, . . . , xm) + 12 f (x1, . . . , xi−1, yi, xi+1, . . . , xm),
i ∈ {1, . . . ,m}, x1, . . . , xi, yi, . . . , xm ∈ V .
Denote by |S| the cardinality of a set S and put
n := {1, . . . ,n}, n ∈ N.
For a subset S = { j1, . . . , ji} of m with 1 j1 < · · · < ji m and x = (x1, . . . , xm) ∈ Vm ,
xS := (0, . . . ,0, x j1 ,0, . . . ,0, x ji ,0, . . . ,0) ∈ Vm
denotes the vector which coincides with x in exactly those components, which are indexed by the elements of S and whose
other components are set equal zero. Note that x∅ = 0, xm = x and
(xS)T = (xT )S = xS∩T , S, T ⊆ m.
It is known (see [14]) that a function f : Vm −→ W is multi-Jensen if and only if
f
(
1
2
(x+ y)
)
= 1
2m
∑
S⊆m
f (xS + ym\S), x, y ∈ Vm.
Given a function f : Vm −→ W , put
J f (x, y) := 2m f
(
1
2
(x+ y)
)
−
∑
S⊆m
f (xS + ym\S), x, y ∈ Vm.
It is obvious that f is multi-Jensen if and only if J f ≡ 0.
3. Auxiliary lemmas
We start with the following:
Lemma 1. For any f : Vm −→ W , x ∈ Vm, j ∈ N ∪ {0}, i ∈ {0, . . . ,m − 1} and j1, . . . , ji ∈m with 1 j1 < · · · < ji m (we adopt
the convention { j1, . . . , j0} := ∅) we have
1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j+1xS)
= 1
2i
1
(2m−i) j+1
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S| J f
(
2 j+1xS ,0
)
.
Proof. Using the deﬁnition of J f and Corollary 2.3 from [14] we get
1
2i
1
(2m−i) j+1
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S| J f
(
2 j+1xS ,0
)
= 1
2i
1
(2m−i) j+1
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S|
(
2m f
(
2 jxS
)− ∑
T⊆m
f
((
2 j+1xS
)
T
))
= 1
(2m−i) j
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
2i
1
(2m−i) j+1
∑
∅	=S⊆m\{ j1,..., ji}
∑
T⊆m
(−1)m−i−|S| f (2 j+1xS∩T )
= 1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j xS)− 1
2i
1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
∑
T⊆m
(−1)m−i−|S| f (2 j+1xS∩T )
= 1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j xS)− 1
2i
1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
( ∑
T∈2m\{ j1,..., ji }
(−1)m−i−|S| f (2 j+1xS∩T )
+
∑
m m\{ j1,..., ji }
(−1)m−i−|S| f (2 j+1xS∩T )
)
T∈2 \2
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(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
2i
1
(2m−i) j+1
( ∑
U⊆m\{ j1,..., ji}
(−1)m−i−|U | f (2 j+1xU )
+
∑
S⊆m\{ j1,..., ji}
∑
T∈2m\2m\{ j1,..., ji }
(−1)m−i−|S| f (2 j+1xS∩T )
)
.
Since T ∈ 2m \ 2m\{ j1,..., ji} if and only if T = A ∪ B for some A ∈ 2m\{ j1,..., ji} and B ∈ 2{ j1,..., ji} \ {∅}, using Corollary 2.3
from [14] we obtain
1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
2i
1
(2m−i) j+1
( ∑
U⊆m\{ j1,..., ji}
(−1)m−i−|U | f (2 j+1xU )
+
∑
S⊆m\{ j1,..., ji}
∑
T∈2m\2m\{ j1,..., ji }
(−1)m−i−|S| f (2 j+1xS∩T )
)
= 1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
2i
1
(2m−i) j+1
( ∑
U⊆m\{ j1,..., ji}
(−1)m−i−|U | f (2 j+1xU )
+
∑
S⊆m\{ j1,..., ji}
∑
A∈2m\{ j1,..., ji }
(−1)m−i−|S|(2i − 1) f (2 j+1xS∩A)
)
= 1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
2i
1
(2m−i) j+1
( ∑
U⊆m\{ j1,..., ji}
(−1)m−i−|U | f (2 j+1xU )
+ (2i − 1) ∑
M⊆m\{ j1,..., ji}
(−1)m−i−|M| f (2 j+1xM)
)
= 1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j+1xS). 
Now, we can prove
Lemma 2. If p,  > 0 and f : Vm −→ W is a mapping satisfying condition
∥∥ J f (x, y)∥∥  m∑
k=1
(‖xk‖p + ‖yk‖p), x, y ∈ Vm, (1)
then for any x ∈ Vm, j ∈ N ∪ {0}, i ∈ {0, . . . ,m − 1} and j1, . . . , ji ∈ m with 1 j1 < · · · < ji m we have∥∥∥∥ 1(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j+1xS)
∥∥∥∥
 2m−2i−1
(
2p−m+i
) j+1 ∑
k∈m\{ j1,..., ji}
‖xk‖p .
Proof. By Lemma 1 and (1) we obtain∥∥∥∥ 1(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)− 1
(2m−i) j+1
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j+1xS)
∥∥∥∥
 1
2i
1
(2m−i) j+1
∑
∅	=S⊆m\{ j1,..., ji}
∥∥ J f (2 j+1xS ,0)∥∥ 12i 1(2m−i) j+1 
∑
∅	=S⊆m\{ j1,..., ji}
∑
k∈S
∥∥2 j+1xk∥∥p
= 2m−2i−1(2p−m+i) j+1 ∑
k∈m\{ j1,..., ji}
‖xk‖p . 
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We start with the case when 0 < p < 1.
Theorem 3. If 0 < p < 1,  > 0 and f : Vm −→ W is a mapping satisfying condition (1), then there exists a multi-Jensen function
F : Vm −→ W such that∥∥ f (x) − F (x)∥∥  ∑
Tm
2p+m−2|T |−1
|2m−|T | − 2p|
∑
k∈m\T
‖xk‖p, x ∈ Vm. (2)
The mapping F is given by
F (x) =
∑
T⊆m
FT (x), x ∈ Vm, (3)
where
Fm(x) := f (0), x ∈ Vm, (4)
and for any T = { j1, . . . , ji}  m with 1 j1 < · · · < ji m,
FT (x) = F j1,..., ji (x) := limj→∞
1
(2m−i) j
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 j xS), x ∈ Vm. (5)
Proof. Fix non-negative integers l,n with 0  l < n, i ∈ {0, . . . ,m − 1} and j1, . . . , ji ∈ m with 1  j1 < · · · < ji m, and
x ∈ Vm . Using Lemma 2 we obtain∥∥∥∥ 1(2m−i)l
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2lxS)− 1
(2m−i)n
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2nxS)
∥∥∥∥

n−1∑
j=l
 · 2m−2i−1(2p−m+i) j+1 ∑
k∈m\{ j1,..., ji}
‖xk‖p =  · 2m−2i−1
∑
k∈m\{ j1,..., ji}
‖xk‖p
n−1∑
j=l
(
2p−m+i
) j+1
.
From this it follows that(
1
(2m−i) j
∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)
)
j∈N∪{0}
is a Cauchy sequence. Since the space W is complete, this sequence is convergent and therefore so is(
1
(2m−i) j
∑
∅	=S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (2 jxS)
)
j∈N∪{0}
.
We deﬁne F j1,..., ji : Vm −→ W by (5) and Fm by (4). Moreover, putting l = 0 and letting n −→ ∞ in the last inequality we
get ∥∥∥∥ ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f (xS) − F j1,..., ji (x)
∥∥∥∥  · 2m−2i−1
∣∣∣∣ 2p2p − 2m−i
∣∣∣∣ ∑
k∈m\{ j1,..., ji}
‖xk‖p . (6)
Let us now observe that for any x ∈ Vm , k ∈ m and j1, . . . , jm−k ∈m with 1 j1 < · · · < jm−k m we have
F j1,..., jm−k (x) = limj→∞
1
(2k) j
f
(
2 jxm\{ j1,..., jm−k}
)
. (7)
In fact, it is clear that this equality holds for k = 1. Next, assume that (7) is true for any positive integers s such that s < k.
This together with (5) gives
F j1,..., jm−k (x) = limj→∞
1
(2k) j
k∑
r=1
∑
∅	=S⊆m\{ j1,..., jm−k}, |S|=r
(−1)k−r f (2 jxS)
= lim
j→∞
k∑
r=1
1
(2k−r) j
1
(2r) j
(−1)k−r
∑
∅	=S⊆m\{ j1,..., jm−k}, |S|=r
f
(
2 jxS
)
= lim
j→∞
1
(2k) j
f
(
2 jxm\{ j1,..., jm−k}
)
,
which proves that (7) holds for all k ∈m.
K. Cieplin´ski / J. Math. Anal. Appl. 363 (2010) 249–254 253Next, we shall show that for any x, y ∈ Vm , k ∈m and j1, . . . , jm−k ∈m with 1 j1 < · · · < jm−k m we have
J F j1,..., jm−k (x, y) = 0. (8)
In order to do this let us ﬁrst note that from the deﬁnition of J F j1,..., jm−k and (7) we get
J F j1,..., jm−k (x, y) = 2m limj→∞
1
(2k) j
f
(
2 j
(
1
2
(x+ y)
)
m\{ j1,..., jm−k}
)
−
∑
S⊆m
lim
j→∞
1
(2k) j
f
(
2 j(xS + ym\S)m\{ j1,..., jm−k}
)
= lim
j→∞
1
(2k) j
(
2m f
((
1
2
(
2 j x+ 2 j y))
m\{ j1,..., jm−k}
)
−
∑
S⊆m
f
((
2 jxS + 2 j ym\S
)
m\{ j1,..., jm−k}
))
= lim
j→∞
1
(2k) j
J f
(
2 jxm\{ j1,..., jm−k},2
j ym\{ j1,..., jm−k}
)
.
But from (1) it follows that∥∥∥∥ 1(2k) j J f
(
2 jxm\{ j1,..., jm−k},2
j ym\{ j1,..., jm−k}
)∥∥∥∥ (2k−p) j
∑
l∈m\{ j1,..., jm−k}
(‖xl‖p + ‖yl‖p),
and therefore we get (8). Thus, for any T ⊆m the mapping FT is multi-Jensen, and consequently so is the function F given
by (3).
Finally, since for any x ∈ Vm we have∑
T⊆m
∑
S⊆m\T
(−1)m−|T |−|S| f (xS) =
∑
S⊆m
αS f (xS)
with
αS :=
{∑m−|S|
l=0
(m−|S|
l
)
(−1)m−l−|S| = 0m−|S|, |S| <m,
1, |S| =m,∑
T⊆m
∑
S⊆m\T
(−1)m−|T |−|S| f (xS) = f (x),
which together with (3), (4) and (6) gives
∥∥ f (x) − F (x)∥∥= ∥∥∥∥∑
T⊆m
( ∑
S⊆m\T
(−1)m−|T |−|S| f (xS) − FT (x)
)∥∥∥∥  ∑
Tm
2p+m−2|T |−1
|2m−|T | − 2p|
∑
k∈m\T
‖xk‖p . 
Now, we deal with the case when p >m.
Theorem 4. If p > m,  > 0 and f : Vm −→ W is a mapping satisfying condition (1), then there exists a multi-Jensen function
F : Vm −→ W such that (2) holds. The mapping F is given by (3), where Fm is deﬁned by (4) and for any T = { j1, . . . , ji}  m with
1 j1 < · · · < ji m,
FT (x) = F j1,..., ji (x) := limj→∞
(
2m−i
) j ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2 j
)
, x ∈ Vm. (9)
Proof. Fix x ∈ Vm , i ∈ {0, . . . ,m − 1} and j1, . . . , ji ∈ m with 1 j1 < · · · < ji m. By Lemma 2, for any j ∈ N ∪ {0} we get∥∥∥∥(2m−i) j ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2 j
)
− (2m−i) j+1 ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2 j+1
)∥∥∥∥
 2m−2i−1
(
2m−i−p
) j ∑
k∈m\{ j1,..., ji}
‖xk‖p,
and, in consequence, for any non-negative integers l,n with 0 l < n we have
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S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2l
)
− (2m−i)n ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2n
)∥∥∥∥
 2m−2i−1
n−1∑
j=l
(
2m−i−p
) j ∑
k∈m\{ j1,..., ji}
‖xk‖p .
Therefore((
2m−i
) j ∑
S⊆m\{ j1,..., ji}
(−1)m−i−|S| f
(
xS
2 j
))
j∈N∪{0}
is a Cauchy sequence and we can deﬁne F j1,..., ji by (9). Putting l = 0 and letting n −→ ∞ in the last inequality we get (6).
Next, note that for any x, y ∈ Vm , k ∈m and j1, . . . , jm−k ∈m with 1 j1 < · · · < jm−k m we have
J F j1,..., jm−k (x, y) = 2m limj→∞
(
2k
) j ∑
T⊆m\{ j1,..., jm−k}
(−1)k−|T | f
(
( 12 (x+ y))T
2 j
)
−
∑
S⊆m
lim
j→∞
(
2k
) j ∑
T⊆m\{ j1,..., jm−k}
(−1)k−|T | f
(
(xS + ym\S)T
2 j
)
= lim
j→∞
(
2k
) j ∑
T⊆m\{ j1,..., jm−k}
(−1)k−|T | J f
(
xT
2 j
,
yT
2 j
)
.
But from (1) it follows that∥∥∥∥(2k) j ∑
T⊆m\{ j1,..., jm−k}
(−1)k−|T | J f
(
xT
2 j
,
yT
2 j
)∥∥∥∥ (2p−k) j
∑
T⊆m\{ j1,..., jm−k}
m∑
r=1
(∥∥(xT )r∥∥p + ∥∥(yT )r∥∥p),
and therefore we get (8).
The rest of the proof runs as before. 
In the same manner as Theorems 3 and 4 we can also prove the following one concerning the case where p ∈ (1,m) \N.
Theorem 5. If p ∈ (1,m)\N,  > 0 and f : Vm −→ W is a mapping satisfying condition (1), then there exists a multi-Jensen function
F : Vm −→ W such that (2) holds. The mapping F is given by (3), where Fm is deﬁned by (4) and for any T = { j1, . . . , ji}  m with
1 j1 < · · · < ji m, FT is given by (5) if i <m − p and by (9) if i >m − p.
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